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We study the phase spae for neutrino emissions with massive quarks in diret Ura proesses in
normal and olor superonduting quark matter. We derive in QCD and the NJL model the Fermi
momentum redution resulting from Fermi liquid properties whih opens up the phase spae for
neutrino emissions. The relation between the Fermi momentum and hemial potential is found to
be pF ≈ µ(1 − κ) with κ depending on oupling onstants. We nd in the weak oupling regime
that κ is a monotonously inreasing funtion of the hemial potential. This implies quenhed
phase spae for neutrino emissions at low baryon densities. We alulate neutrino emissivities with
massive quarks in a spin-one olor superondutor. The quark mass orretions are found to be
of the same order as the ontributions in the massless ase, whih will bring sizable eets on the
ooling behavior of ompat stars.
I. INTRODUCTION AND CONCLUSION
The baryon density in the ore of a ompat star is likely to reah several times the nulear saturation density, ρ0 ∼
0.16 fm−3 or 2.7× 1014g/cm3. At suh a high density, nuleons in nulear matter are rushed into their onstituents,
i.e. quarks and gluons. Itoh proposed a model for quark stars in 1970 [1℄. The deonnement transition to quark
matter was suggested by Collins and Perry in 1975 [2℄ based on the asymptoti freedom in quantum hromodynamis.
In the same paper they also mentioned the possibility that quark matter ould be a superuid or a superondutor
resulting from the attrative interquark fore in some hannels. Barrois, Bailin and Love developed this novel idea and
studied the unusual variant of superondutivity in quark matter, whih we now all olor superondutivity [3, 4℄.
They did their alulations in the framework of weak oupling approah and did not take into aount the dynami
sreening of magneti gluons whih are dominant agents in pairing quarks. Therefore the gap or equivalently the
transition temperature they obtained are too small to be of relevane to any sizable observables. About fteen years
later the olor superondutivity had been re-disovered by several groups who found the gap ould be large enough
to bring some real eets in ompat stars [5, 6, 7, 8, 9, 10℄. [For reent reviews on olor superondutivity, see, for
example, [11, 12, 13, 14, 15, 16, 17, 18, 19℄.℄
At asymptotially high baryon density or hemial potential, the olor-avor loked (CFL) phase is favored [6℄. The
rigorous weak oupling approah of QCD [8, 9, 20, 21, 22, 23, 24, 25, 26℄ is justied. [For reent reviews on the QCD
weak oupling approah in normal dense quark matter or in olor superondutivity, see [16, 18, 27, 28, 29, 30, 31℄.℄
The situation is more ompliated at lower densities realized in ompat stars. In this ase, the strange quark mass
ms is in the range from its urrent mass ∼100 MeV to its onstituent mass ∼500 MeV. The main eet of ms is
to ause a mismath in hemial potentials between strange quarks and light quarks. The CFL phase is therefore
broken down to less symmetri phases. Moreover the β equilibrium and eletri and olor harge neutrality also
give rise to a mismath between the Fermi momenta of the quarks that form Cooper pairs [32, 33, 34, 35, 36, 37℄.
If the mismath in hemial potentials for pairing quarks is large enough, the onventional BCS pairing beomes
questionable [38, 39, 40, 41, 42, 43℄ and the true ground state of quark matter in ompat stars has to inlude
dierent, unonventional superonduting states [44, 45, 46, 47, 48℄.
Single-avor Cooper pairing is the simplest option for neutral quark matter. Contrary to other unonventional
pairing mehanisms, it is allowed for arbitrarily large mismathes between the Fermi momenta of dierent quark
avors. Single-avor pairing in the olor anti-triplet hannel is possible only in the symmetri spin-one hannel
[9, 22, 49, 50, 51, 52, 53, 54, 55℄, beause Pauli priniple requires that the wave funtion of the Cooper pair be
antisymmetri with respet to the exhange of the pairing quarks. This is in ontrast to pairing of dierent avors
where the antisymmetri spin-zero hannel is allowed.
Similar to superuid Helium-3, where ondensation ours in spin and angular momentum triplets [56℄, the order
parameter in a spin-one olor superondutor is a omplex 3 × 3 matrix. Therefore various possible phases emerge
orresponding to dierent patterns of the matrix order parameter. Among others, there are four main spin-one
olor-superonduting phases: the olor-spin loked (CSL), planar, polar, and A phases [22, 52, 53℄. Exept for the
∗
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2CSL phase, the gap funtions of spin-one phases are normally anisotropi in momentum spae. The gap in the polar
phase vanishes at the south and north poles of the Fermi sphere, whereas the gap in the planar phase is anisotropi
but nonzero in any diretion of the quasi-partile momentum. The A phase is speial in the sense that it has two
gapped quasi-partile modes with dierent angular strutures, one of whih has two point nodes. Spin-one olor
superonduting phases play important roles in thermal properties in quark matter. Spin-one phases have gaps of
a few tens of KeVs, whih an t into the ooling data of ompat stars [57℄. The anisotropies espeially the nodes
in some spin-one phases signiantly aet various thermodynamial and transport properties like the spei heat,
the neutrino emissivity, the visosity, the heat and eletrial ondutivity, et.. In Ref. [58℄, we have omputed the
neutrino emissivity from diret Ura (DU) proesses and the spei heat for the mentioned spin-one phases to obtain
the resulting ooling rates for ompat stars. We have disussed the reason why the distribution of neutrino emission
from the A phase breaks reetion symmetry in spae [59℄. Similar alulations of neutrino emissivity in DU proesses
in the 2SC phase an be found in Ref. [60℄.
We know that DU proesses in normal and olor superonduting quark matter is ontrolled by the phase spae
opened up through Fermi liquid properties [61℄, whih arises from the quark-quark forward sattering amplitude.
Up to now the amplitude has been derived only via one gluon exhange [62, 63℄, whih is a standard weak oupling
perturbative approah with zero quark mass. In this paper we derive the quark-quark sattering amplitude via one
gluon exhange but with massive quarks. We also do the same in the NJL model. The forward sattering amplitude
gives a general formula pF = µ(1 − κ) for the relation between the Fermi momentum pF and the hemial potential
µ, where κ is the Fermi momentum redution oeient with respet to µ and depends on oupling onstants. The
phase spae for DU proesses with massive quarks both in QCD and in the NJL model is then openned up resulting
from the Fermi momentum redution. We nd an interesting behavior of κ(µ) as a funtion of µ in the weak oupling
regime that κ(µ) inreases with inreasing µ and approahes its limit value as µ→∞. It means that the phase spae
for neutrino emissions is larger at high baryon densities than at low ones. The property seems robust and independent
of spei models in omputing quark-quark sattering amplitudes and Landau oeients.
In this paper we also extend our established formalism [58, 59℄ by inluding quark masses to alulate neutrino
emissivities in a spin-one olor superondutor. The quark masses bring muh omplexity to quasi-partile dispersion
relations in spin-one phases, as was shown in Ref. [54, 64℄. We use the eetive quark mass on the Fermi surfae in
the alulation, whih is determined by the quark-quark interation in the Fermi liquid. By assuming a natural form
of the order parameters for spin-one phases, we show that the quasi-partile dispersion relations bear the same form as
in the massless ase, whih muh failitates the alulation. In the ollinear and small mass limit, we derive neutrino
emissivities with massive quarks and identify mass orretions. The mass orretions are of the same order as in the
massless ase. We nd no mass orretion in the polar phase. The mass orretion for the A phase approahes zero at
asymptotially low temperatures beause all ontributions are from gapped modes. The mass orretions in the CSL
and Planar phases are found to be about 26% and 15% of the ontributions in the massless ase at low temperatures
respetively. This will have sizable eets on the ooling of ompat stars. These perentages for the mass orretions
are universal as long as κ≪ 1, whih is fulllled in QCD weak oupling approah and for realisti values of oupling
onstants in the NJL model. Note that mass orretions ould be very dierent near the hiral phase transition or for
strange quarks with even larger quark masses. However our urrent formulation is only valid at small mass limit with
respet to the hemial potential. For very large quark masses, the Landau Fermi liquid theory has to be reformulated
and the integral in the emissivity is very dierent from the small mass limit. This is beyond the sope of the urrent
work. A future investigation of eets with large quark masses is needed.
Our onvention for the metri tensor is gµν = diag(1,−1,−1,−1). Our units are ~ = c = kB = 1. Four-vetors are
denoted by apital letters, K ≡ Kµ = (k0,k), while k = |k|.
II. PHASE SPACE FOR DIRECT URCA PROCESSES IN QUARK MATTER AND EFFECTIVE
QUARK MASS
We study DU proesses for light quarks u + e− → d + νe and d → u + e− + νe, where e− denotes eletrons and
νe and νe denote eletron neutrinos and anti-neutrinos respetively. The phase spae is essential for these proesses
to proeed. In normal quark matter, if quarks are treated as free and massless, β equilibrium requires µd = µu + µe,
where µd, µu and µe are hemial potentials for d, u quarks and eletrons respetively. This leads to the relation
in Fermi momenta pFd = pFu + pFe. One sees that the phase spae is zero beause there is no triangle inequality
among Fermi momenta. If the quark-quark interation is swithed on, Fermi momenta are not the same as hemial
potentials any more, instead they get negative orretions from Landau Fermi liquid property [62, 63℄,
piF = (1− CFαS
2π
)µi , i = u, d, (1)
3Figure 1: Phase spae for DU proesses with massless quarks
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where αS is the strong oupling onstant and CF = (N
2
c − 1)/(2Nc) is the eigenvalue of the Casimir operator of
SUc(Nc) group in the fundamental representation with the number of olors Nc = 3. The orretions to Fermi
momenta open up the phase spae haraterized by the triangle inequality pFd < pFu+ pFe. As illustrated in Fig. 1,
two dashed irles denote the Fermi surfaes for free d and u quarks. They shrink to two smaller solid irles after the
interation is turned on. The amount of redution in Fermi momentum for d quarks is larger than that for u quarks,
then there is a triangle among Fermi momenta implying non-vanishing phase spae. The orretions proportional to
αs is from the quark-quark forward sattering via one gluon exhange with zero quark mass.
In this setion we will re-analyze the phase spae for DU proesses by deriving pF as a funtion of µ in QCD with
quark masses and some other features not onsidered in Ref. [62, 63℄. We also arry out the same task in the NJL
model whih has not been done before.
The relation between the Fermi momentum and the hemial potential in the Landau Fermi liquid theory an be
derived from
∂µ
∂n
=
2π2
dgµpF
+ fS0 −
1
3
fS1 , (2)
where dg = 2NfNc is the quark degeneray fator and Nf the number of avors. n is the number density of quasi-
partiles. The Landau oeients fS0,1 are dened by
fSl ≡
2l + 1
4
∑
σσ′
∫
dΩ
4π
Pl(cos θ)fpσ,p′σ′ . (3)
Here fpσ,p′σ′ is the Landau Fermi interation for quarks with spin indies σ and σ
′
. The angle θ is between p and p′
both taken on the Fermi surfae. The integral is over all diretions of p. The fator 1/4 arises from the average over σ
and σ′. The fator (2l+1) omes from the normalization ondition for Legendre polynomials
∫
dxP 2l (x) = 2/(2l+1).
The density of states on the Fermi surfae is given by
N(0) ≡
∫
dτδ(Epσ − µ) = dgp
2
F
2π2
(
∂p
∂Epσ
)
pF
, (4)
where (∂p/∂Epσ)pF is the inverse of the quasi-partile veloity on the Fermi surfae. Note that we have assumed that
the avor dependene of the quark mass is weak and negligible, whih is true for β equilibrium where µu ≈ µd, so we
suppressed the avor indies of the hemial potential µ.
In QCD, the quark-quark sattering amplitude via one-gluon exhange is given by
AQCD = CF
4NfNc
g2
1
Ep1Ep2
4m2 − 2P1 · P2
(P1 − P2)2 . (5)
An average over olors, avors and spins in the initial state and a sum over all of them in the nal state have been
taken. Here P1 = (Ep1 ,p1) and P2 = (Ep2 ,p2) are on-shell 4-momenta of two olliding quarks respetively, m is the
4quark mass, and g is the oupling onstant in QCD and αS = g
2/(4π). The amplitude diverges at small sattering
angles θ sine (P1 − P2)2 ≈ −2p2F (1 − cos θ)→ 0 if m 6= 0. The Landau oeients an be obtained by applying Eq.
(3). Of ourse all Landau oeients are divergent. However the ombination fS0 − 13fS1 is nite,
fS0 −
1
3
fS1 =
∫
dΩ
4π
AQCD(1− cos θ) ≈ CF
4NfNc
g2
1
µ2
(
1− m
2
p2F
)
.
Here the momenta and energies are set to the Fermi momentum and the hemial potential respetively. Substituting
the above expression into Eq. (2), one obtains
dg
2π2
p2F
dpF
dµ
=
[
2π2
dgµpF
+
CF g
2
2dg
1
µ2
(
2− µ
2
p2F
)]−1
(6)
where we have used n =
dg
6pi2 p
3
F . We assume αS is small. The Fermi momentum is related to the hemial potential
in the form
pF = µ(1− κ), (7)
where κ is the Fermi momentum redution oeient with respet to µ and is assumed to be a small dimensionless
number. Then the solution of Eq. (6) reads
κ(µ) =
[
κ(µ0)− CFαS
2π
]
µ20
µ2
+
CFαS
2π
, (8)
where we only kept the leading ontribution. One an see in Eq. (8) the quark mass term belongs to the next-to-
leading order and does not appear. The Fermi momentum redution oeient κ(µ) in Eq. (8) is illustrated in Fig.
2. There are two unonneted branhes in κ(µ), one is above the stati solution κ = CFαS2pi , the other below it. For
the upper branh, κ(µ) monotonously dereases and approahes the limit vaule κ = CFαS2pi with inreasing µ. For the
lower branh, the trend is opposite. Both branhes go towards the limit κ = CFαS2pi at asymptotially large µ, i.e.
κ(µ→∞) = CFαS2pi . But at lower µ or lower baryon densities, there are two dierent trends for κ(µ), one orresponds
to more phase spae and the other to less phase spae for neutrino emissions.
If κ is small and its dependene on µ is weak, Eq. (6) an be simplied to an algebrai equation without assuming
αS is small. The solution is
κ =
CFαS
2π + 5CFαS
. (9)
The above solution is lower than the limit value κ(µ→∞) = CFαS2pi and an approah it when αS ≪ 1. It is interesting
to ompare the solution (8) with (9). If near a spei value µ0 the dependene of κ on the hemial potential is
negligible, κ(µ0) is given by Eq. (9) satisfying κ(µ0) <
CFαS
2pi , whih leads to κ(µ) <
CFαS
2pi for any values of µ following
Eq. (8). Thus the lower branh of the solutions in Fig. 2 is physial, implying quenhed phase spae for neutrnio
emissions at lower baryon densities.
One an also determine from Eq. (7) and (8) the eetive quark mass m ∼ µ√2κ whih is proportional to the
hemial potential. Note that the eetive quark mass is determined by the interquark interation on the Fermi
surfae and an be muh larger than the urrent quark mass.
The above results are from the QCD weak oupling approah and valid at very high densities. At mediate densities
realized in neutron stars, one has to use more phenonmenologial model like the NJL one. For a review of the NJL
model in quark matter, see, e.g., Ref. [17℄. Now we onsider the simplest ase in the NJL model, a two avor system,
whose Lagrangian is
L = ψ [iγµ∂µ −m]ψ +GS
[
(ψψ)2 + (ψiγ5τψ)
2
]−GV (ψγµT aψ)2, (10)
where T a = λa/2 and λa are the Gell-mann matries in olor spae. τ = (τ1, τ2, τ3) are Pauli matries in avor
spae. GS is the oupling onstant for the salar and pseudosalar hannel, and GV is that for the vetor hannel. In
some sense, these two hannels are independent of eah other. Hereafter we study eah hannel separately by setting
the oupling onstant zero in the other hannel.
To obtain Landau oeients fS0,1, we alulate the quark-quark sattering amplitude,
A = AS +APS +AV = 1
NfNc
B1P1 · P2 −B2m2
Ep1Ep2
, (11)
5Figure 2: The Fermi momentum redution oeient κ(µ) as given in Eq. (8). The dotted line is the stati solution κ = CFαS
2pi
.
The solid line is the branh of κ(µ) below the dotted line orresponding to an initial value smaller than CFαS
2pi
, while the dashed
line is that above it. (a) With the initial value κ(µ0 = 0.3) =
CFαS
2pi
± 0.08; (b) with κ(µ0 = 0.3) =
CFαS
2pi
± 0.1. Following Eq.
(9), the lower branh (solid line) is the physial solution.
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where B1 and B2 are two oeients depending on oupling onstants GS and GV ,
B1 = 2GS + CFGV ,
B2 = GS(2NcNf + 1) + 2CFGV . (12)
The amplitudes AS , APS and AV for salar, pseudosalar and vetor ouplings respetively are given by
AS = 1
2NfNc
GS
P1 · P2 − (4NcNf − 1)m2
Ep1Ep2
,
APS = 3
2NfNc
GS
P1 · P2 −m2
Ep1Ep2
,
AV = CF
NfNc
GV
P1 · P2 − 2m2
Ep1Ep2
. (13)
An average over olors, avors and spins in the initial state and a sum over all of them in the nal state have been
taken. The Landau oeients an be obtained by using Eq. (3),
f0 =
∫
dΩ
4π
A = 1
NfNc
(
B1 −B2m
2
µ2
)
,
f1 = 3
∫
dΩ
4π
A cos θ = − B1
NfNc
p2F
µ2
, (14)
where the momenta and energies are set to the Fermi momentum and the hemial potential respetively. Substituting
fS0,1 of Eq. (14) into Eq. (2), using n =
dg
6pi2 p
3
F , one obtains
dg
2π2
p2F
dpF
dµ
=
[
2π2
dgµpF
+
2
dg
(
B1 −B2 +
(
1
3
B1 +B2
)
p2F
µ2
)]−1
. (15)
If we make the assumption B1,2µ
2/π2 ∼ B1,2p2F /π2 ∼ κ≪ 1 (atually it is a good approximation for realisti values
of B1, but not so good for B2) together with all other assumptions in solving Eq. (6), we get an analytial solution
for κ,
κ(µ) =
[
κ(µ0)− 2B1µ
2
3π2
]
µ20
µ2
+
2B1µ
2
3π2
, (16)
whih is in a similar form to Eq. (8). The solutions of κ(µ) also have two branhes in analogy to the solutions of
Eq. (8) shown in Fig. (2). We will argue that the lower branh κ(µ) < 2B1µ
2
3pi2 is favored, the same situation as in the
QCD ase.
6If κ is small and independent of µ, one an solve Eq. (15) without the assumption B1,2µ
2/π2 ≪ 1, similar to the
QCD ase,
κ =
2B1µ
2
3π2 + (7B1 + 3B2)µ2
. (17)
Sine we have assumed that κ is independent of µ, B1,2µ
2
should be onstants. The above solution is smaller than
the limit value
2B1µ
2
3pi2 of κ(µ) in Eq. (16) and reovers it when B1,2µ
2/π2 ≪ 1. Therefore we have κ(µ) < 2B1µ23pi2
for any values of µ following Eq. (16). Therefore both the QCD and NJL ases give the onsistent trend of κ(µ) as
monotonously inreasing funtions of µ towards their limit values at high densities.
We will use Eq. (17) in our forthoming alulations. The eetive mass on the Fermi surfae is given bym ∼ µ√2κ.
In the salar and pseudosalar hannel, we set GS = 5.1× 10−6MeV−2, µ = 500MeV (these parameters are the same
as in Ref. [65℄), then we obtain κ ≈ 0.052 and m ≈ 160MeV. In the vetor hannel for GV = 4.5× 10−5 MeV−2, one
obtains κ ≈ 0.13 and m ≈ 250 MeV. In both hannels, the eetive quark masses are muh larger than the urrent
mass but muh smaller than µ.
From Eq. (8) or (17), one also obtains the angles between u quark and eletron momenta and between those of u
and d quarks on the Fermi surfae,
cos θue ≈ 1− κ, cos θud ≈ 1− κ µ
2
e
pFupFd
. (18)
These formula are useful in deriving neutrino emissivities in DU proesses.
A few remarks are in order. All the results in this setion apply to DU proesses in normal and olor superonduting
quark matter. When alulating the quark-quark sattering amplitude, we do not take into aount the fat that
the hemial potentials for u and d quarks are dierent, the same approximation is also made in deriving Eq. (1) in
QCD [62, 63℄. In deriving Eq. (7), (8) and (17), we have made the approximation that pF ∼ µ. This is onsistent
to the assumption that the eetive quark mass is muh smaller than the hemial potential. In this paper we take
this assumption and use Eq. (17) in forthoming alulations of neutrino emissivities. We nd in the weak oupling
regime the solutions for the Fermi momentum redution oeient κ as monotonously inreasing funtions of hemial
potential in the QCD and NJL ases. Suh a trend in hemial potential implies that the phase spae for neutrino
emissions is quenhed at lower baryon densities. This property seems robust and independent of spei models used
in omputing the Landau oeients. In general ase where pF ∼ µ does not hold, Eq. (7) is still valid but κ has
to be solved self-onsistently. All the results in this setion are for light quarks. If one takes into aount strange
quarks, the situation beomes muh more ompliated and one has to reformulate the whole Fermi liquid theory. This
amounts to dealing with not only satterings among strange quarks, but also those between light and strange quarks.
A new Fermi liquid theory with two dierent Fermi surfaes is neessary.
III. QUARK PROPAGATORS IN A SPIN-ONE COLOR SUPERCONDUCTOR
To obtain the neutrino emissivity in a spin-one olor superondutor, we alulate the imaginary part of the W
boson polarization tensor from the superonduting quark loop, whih involves the quark propagator S(K). To obtain
S(K), we start from S−1(K) as follows
S−1(K) =
(
S−111 S
−1
12
S−121 S
−1
22
)
=
(
Pµγ
µ + µfγ0 −m φfγ0M†kγ0
φfMk Pµγµ − µfγ0 −m
)
, (19)
where Mk = ∆ilγi⊥(k)Jl and γ0M†kγ0 = ∆∗ilγi⊥(k)Jl are 12 × 12 gap matries in olor and Dira spae. µf is the
hemial potential for quarks of the avor f . φf is the magnitude of the gap. The form of ∆il denes a spei
spin-one phase, see Table I of Ref. [58℄ for ∆il in various phases. Here γ⊥(k) ≡ γ − k̂(k̂ · γ) are transverse Dira
matries perpendiular to a momentum diretion k̂, and Jl are generators of SO(3) algebra with elements (Jl)ij = iǫ
ilj
with the anti-symmetri tensor ǫilj . As in Ref. [58℄, we only study transverse phases.
The struture of Mk in Eq. (19) looks like in the massless ase, but it is dierent atually. In the massless ase
S−121 is expanded in terms of massless energy projetors Λ
e
k,m=0 [put m = 0 in Eq. (A1)℄ as S
−1
21 = Λ
e
k,m=0φ
e
fMk.
The expansion is justied by the fat that Λek,m=0 is ommutable with γ5 and γ
i
⊥(k). In the massive ase the energy
projetors Λek dened in Eq. (A1) are not ommutable with γ5 and γ⊥(k). So if one still assumes the same form
of the gap matrix, the propagators and the dispersion relations would be muh involved as are manifested in Ref.
[54, 64℄.
7The propagator S(K) is found by taking the inverse of S−1(K) in Eq. (19), see Appendix A for the derivation.
One then obtains a very transparent form of the dispersion relations,
ǫek,r,f =
√
(µf − eEk)2 + λk,rφ2f , (20)
where Ek =
√
k2 +m2. λk,r denote eigenvalues of the matrix γ0M†kMkγ0 given in Table I of Ref. [58℄ for various
phases. The gaps in a spei phase are given by
√
λk,rφf . This form is the same as in the massless ase exept
that k is replaed by Ek. The results for S11 and S22 are given in Eq. (A2) and (A3). Sine only quasi-partiles are
relevant in neutrino proesses, we only keep exitations of positive energy, the branh with e = +, in S11 and S22.
Then we have
S11/22 =
k0 ∓ µf ± Ek
k20 − ǫ2k,r,f
P±k,rΛ±k γ0,
where we have suppressed the supersript e = + in the quasi-partile energy, ǫk,r,f ≡ ǫ+k,r,f . The projetors P±k,r are
given in Eq. (A4).
IV. TIME DERIVATIVE OF THE NEUTRINO DISTRIBUTION FUNCTION
Our starting point to ompute the neutrino emissivity is the time derivative of the neutrino distribution funtion
derived from the Kadano-Baym equation for DU proesses u+ e− → d+ ν and d→ u+ e− + ν. The proedure an
be found in subsetion A of setion II in Ref. [58℄. The derivation of Kadano-Baym equation an also be found in
various papers using losed time path formalism [66, 67, 68℄. The result is
∂
∂t
fν(t,pν) =
G2F
4
∫
d3pe
(2π)3pνpe
Lλσ(pe,pν)nF (pe − µe)nB(pν + µe − pe)ImΠλσR (Q). (21)
Here nF/B(x) ≡ 1/(ex ± 1) are Fermi or Bose distribution funtions. fν(t,pν) is the neutrino (inluding the anti-
neutrino ontribution) distribution funtion. pe,pν are eletron and neutrino momenta respetively. µe is the hemial
potential for eletrons. GF is the Fermi oupling onstant. The leptoni tensor Lλσ(pe,pν) is given by
Lλσ(pe,pν) = Tr
[
γλ(1 − γ5)γµPµe γσ(1 − γ5)γρP ρν
]
= 8 (iǫλσPePν + P
ν
λP
e
σ + P
ν
σP
e
λ − gλσPe · Pν) , (22)
where Pe and Pν are on-shell 4-momenta. We have used the notation ǫλσPePν ≡ ǫλσητP ηe P τν with ǫλσητ the anti-
symmetri tensor. ΠλσR (Q) is the retarded self-energy for W bosons with a superonduting quark loop, where
Q = (pe − µe − pν ,pe − pν).
V. IMAGINARY PART OF OF THE W-BOSON POLARIZATION TENSOR
Having quark propagators, we an alulate the imaginary part of the W-boson polarization tensor. Following the
same proedure as in Ref. [58℄, one arrives at the following expression,
ImΠλσR (Q) =
T
V
Im
∑
K
∑
r,s
1
4EkEp
{
[k0 − µu + Ek][p0 − µd + Ep]
(k20 − ǫ2k,r,u)(p20 − ǫ2p,s,d)
T λσrs,+(k̂, p̂)
+
[k0 + µd − Ek][p0 + µu − Ep]
(k20 − ǫ2k,r,d)(p20 − ǫ2p,s,u)
T λσrs,−(k̂, p̂)
}
. (23)
Here we used P = K +Q. The quark tensor T λσrs,± involves olor and Dira traes
T λσrs,±(k̂, p̂) ≡ 4EkEpTr
[
γλ(1∓ γ5)P±k,rΛ±k γ0γσ(1 ∓ γ5)P±p,sΛ±p γ0
]
. (24)
The negative omponent T λσrs,− an be related to the positive one T λσrs,+ through Eq. (28). We an rewrite T λσrs,+(k̂, p̂)
as
T λσrs,+(k̂, p̂) = Tr
[
γλ(1− γ5)P+k,r(γµKµ)γσ(1− γ5)P+p,s(γνP ν)
]
, (25)
8where we have dropped all mass terms whih are vanishing. One sees that γµK
µ
and γνP
ν
appear in T λσrs,+(k̂, p̂),
where Kµ and P ν are on-shell quark momenta. In normal quark matter, one of the projetors, say P+k,r=1 an be set
to 1 and others with r 6= 1 set to zero, then one reprodues the result in the normal phase,
T λσ(K,P ) ≡ Tr [γλ(1− γ5)(γµKµ)γσ(1− γ5)(γνP ν)]
= 8
(
iǫλσKP + PλKσ + P σKλ − gλσK · P ) . (26)
Note that the anomalous propagators S21 and S12 ontaining the uu and dd ondensates do not ontribute to the
self-energy. This is in ontrast to spin-zero olor superondutors, suh as the 2SC and CFL phases, in whih the
anomalous propagators are o-diagonal in avor spae. This dierene is related to the onservation of eletri harge.
Performing the Mastubara sum, one an extrat the imaginary part,
ImΠλσR (Q) = −π
∑
r,s
∑
e1,e2
∫
d3k
(2π)3
1
4EkEp
×
[
T λσrs,+(k̂, p̂)Be1k,r,uBe2p,s,d
nF (−e1ǫk,r,u)nF (e2ǫp,s,d)
nB(−e1ǫk,r,u + e2ǫp,s,d) δ(q0 − e1ǫk,r,u + e2ǫp,s,d)
+T λσrs,−(k̂, p̂)Be1k,r,dBe2p,s,u
nF (e1ǫk,r,d)nF (−e2ǫp,s,u)
nB(e1ǫk,r,d − e2ǫp,s,u) δ(q0 + e1ǫk,r,d − e2ǫp,s,u)
]
, (27)
where q0 = pe − µe − pν . The Bogoliubov oeients are dened by
Bek,r,f =
ǫk,r,f + e(µf − Ek)
2ǫk,r,f
,
with f = u, d and e = ±. The two terms inside the square brakets are harge-onjugate of eah other and give the
same result. To see this, one hanges the summation indies e1 ↔ e2,r ↔ s in the seond term, introdues the new
integral variable k→ −k− q = −p (also means p = k+ q→ −k), and uses
T λσsr,−(−p̂,−k̂) = T λσrs,+(k̂, p̂). (28)
The proof of the above identity for all phases onsidered in this paper is given in Appendix B. Taking into aount
λk,r = λ−k,r and then ǫk,r,f = ǫ−k,r,f , we end up with the rst term in Eq. (27). So we an keep the rst term in
Eq. (27) and double the result,
ImΠλσR (Q) = −2π
∑
r,s
∑
e1,e2
∫
d3k
(2π)3
1
4EkEp
T λσrs,+(k̂, p̂)Be1k,r,uBe2p,s,d
×nF (−e1ǫk,r,u)nF (e2ǫp,s,d)
nB(−e1ǫk,r,u + e2ǫp,s,d) δ(q0 − e1ǫk,r,u + e2ǫp,s,d). (29)
VI. QUARK MASS CORRECTIONS TO NEUTRINO EMISSIVITY
In this setion we will alulate neutrino emissivities with massive quarks and identify the mass orretions. We
will use the eetive quark mass m ∼ µ√2κ given in Set. II. The eetive quark mass is formed on the Fermi surfae
by the interquark interation in the Landau Fermi liquid. Normally the eetive quark mass is muh larger than the
urrent mass, but it is still small ompared to the large hemial potential.
Inserting ImΠλσR (Q) in Eq. (29) bak into Eq. (21), one obtains
∂
∂t
fν(t,pν) = −π
8
G2F
∫
d3p
(2π)3pνpe
∫
d3k
(2π)3EkEp
∑
r,s
∑
e1,e2
Lλσ(pe,pν)T λσrs,+(k̂, p̂)Be1k,r,uBe2p,s,d
×nF (pe − µe)nF (−e1ǫk,r,u)nF (e2ǫp,s,d)δ(q0 − e1ǫk,r,u + e2ǫp,s,d), (30)
where we have replaed the integral over pe with that over p. In normal quark matter, the quark tensor T λσ in Eq.
(26) ontrats with the leptoni tensor Lλσ in Eq. (22) giving the matrix element of the DU proesses
T λσLλσ = |M |2, (31)
9with |M |2 = 256(Pe ·K)(Pν · P ). Using Eq. (7) and (18), the matrix element |M |2 an be worked out,
|M |2 ≈ 512κEkEppepν [1− (1 − κ) cos θdν] , (32)
with κ given in Eq. (17).
The quark tensor T λσrs,+(k̂, p̂) in spin-one phases are evaluated in Appendix C. Using Eq. (C1), its ontration with
Lλσ is given by
LλσT λσrs,+ = ωrs|M |2 + LλσδT λσrs . (33)
Here the values of ωrs are the same as in the massless ase (see Tab. II of Ref. [58℄ or Appendix C). As is
shown in Appendix C, the dominant ontribution in δT λσrs is from the term proportional to RkT λσ(K˜0, P ) with Rk ≡
(Ek−k)/k ≈ m2/(2p2Fu) ∼ κ and K˜0 ≡ (k,−k), beause Pe ·K˜0 ∼ 2pek is muh larger than Pe ·K ∼ 2κEkpe. So δT λσrs
an be written as δT λσrs ≈ χrsRkT λσ(K˜0, P ) where χrs is listed in Tab. I. Terms of RpT λσ(K, P˜0) ∼ κm2/p2Fd ∼ κ2
are next to leading order sine the appearane of P˜0 does not enhane the order of magnitude of the result, so they
are suppressed by κ ompared to the massless term. Also terms of RkRpT λσ(K˜0, P˜0) ∼ m4/(p2Fup2Fd) ∼ κ2 are also
suppressed due to double R fators. Expliitly one derives
LλσδT λσrs ≈ χrs
m2
2pFuµu
256EkEppepν [1− (1− κ) cos θdν ] ,
≈ χrs κ
1− κ256EkEppepν [1− (1− κ) cos θdν ] . (34)
The term κ cos θdν inside the square brakets an be dropped sine it is of high order.
Let us understand Tab. I. We nd χrs = 0 for the polar phase. The reason is simple: all projetors (C2) are in olor
spae or deoupled from Dira spae, so the quark tensor T λσrs,+ is proportional to T λσ. For other phases, A, planar
and CSL, olor and Dira indies are oupled. Thus with massive quarks, the Dira struture of the quark tensor is
more ompliated. Taking the A phase for example, it is easy to understand χrs = 0 for rs = 13, 31, 23, 32, 33, beause
the exitation branh 3 only involves the olor blue while branh 1 and 2 involve olors red and green. One observes
that χ12 = χ21 6= 0 even in the ollinear limit, meaning that there is an entanglement between two dierent branhes.
Remembering that the projetors of the A phase an be expressed in terms of heliity projetors, as shown in Eq.
(60) of Ref. [58℄, quasipartiles of branh 1 have heliity +1 for k̂3 < 0 and heliity -1 for k̂3 > 0, while quasipartiles
of branh 2 have opposite heliities. In the massless ase, heliity means hirality. The DU proesses only allow
quarks with left hirality to partiipate. Therefore in the ollinear limit k̂3 ≈ p̂3, dierent branhes annot rosstalk.
However when quarks have masses, a heliity eigenstate is not hirality one. In an eigenstate of left hirality, one an
nd eigenstates of both heliities, whih makes two dierent branhes oupled together. In the same way, one an
understand the appearane δT λσrs in the quark tensor with dierent struture from T λσ. A projetor of a spin-one
phase an be expanded with respet to heliity projetors. In the massless ase, the quark tensors for all branhes
have the same Dira struture as in normal quark matter. With non-zero quark mass, this is no longer the ase:
new terms in the quark tensor emerge from an overlapping of subspae with dierent heliities (but with the same
hirality). They have dierent struture and annot be olleted into T λσ as in the massless ase. This an be seen
from the fat that suh terms as γ0γ · k̂γµKµ or γµKµγ · k̂γ0 appear inside the trae of Eq. (25) for A, planar and
CSL phases,
γ0γ · k̂γµKµ = γµKµ(γ · k̂)γ0 = γµKµ −RkγµK˜µ0 . (35)
When masses are zero, the result is just γµK
µ
, whih results in traes proportional to T λσ in Eq. (26). When masses
are non-zero, there is an additional term RkγµK˜
µ
0 dierent from T λσ.
Using Eq. (30) and (34), the emissivity is written as a sum of two terms
ǫν = −
∫
d3pν
(2π)3
pν
∂
∂t
fν(t,pν) ≡ ǫ(0)ν + ǫ(1)ν . (36)
Here ǫ
(0)
ν is in the same form as the emissivity in the massless ase whih we denote as ǫ
(m=0)
ν , i.e. Eq. (40) of Ref.
[58℄, exept that all k and p are replaed by Ek and Ep in dispersion relations respetively, and that 2αS/(3π) replaed
by κ in Eq. (8) or (17). It omes from the term ωrs|M |2 in Eq. (33). In the massless ase, the ranges of the integrals
over k − µu and/or p − µd on whih the quark distributions depend are [−µu/d,∞], whih are further taken to be
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Table I: The values of χrs in quark mass term δT
λσ
rs ≈ χrsRkT
λσ(K˜0, P ). For the polar phase χrs = 0 for all r and s. The row
and olumn are labeled by r and s respetively. The ollinear limit is taken. We used the notation ξ ≡ k̂3 and θ(ξ) ≡ 1+sgn(ξ)
for the step funtion of ξ.
Planar 1 2
1 −
2ξ2
(1+ξ2)2
2ξ2
(1+ξ2)2
2
2ξ2
(1+ξ2)2
−
2ξ2
(1+ξ2)2
A 1 2 3
1 −θ(ξ) θ(−ξ) 0
2 θ(ξ) −θ(−ξ) 0
3 0 0 0
CSL 1 2
1 −
1
2
1
2
2
1
2
−
1
2
[−∞,∞]. With non-zero quark mass, the integrals over k − µu and/or p− µd have to be transformed to those over
Ek/p − µu/d on whih the quark distribution funtions depend, i.e.
dpdk = (EpEk/pk)dEpdEk = (EkEp/pk)d(Ep − µ)d(Ek − µ)
≈ µuµd
pk
d(Ep − µ)d(Ek − µ). (37)
In the last equality we have hosen Ek ≈ µu and Ep ≈ µd on the Fermi surfae. The range of Ek/p − µu/d beomes
[m− µu/d,∞] and is further approximated to be [−∞,∞] if m≪ µu/d. Using Eq. (18), (30) and (33), we obtain
ǫ(0)ν = ǫ
(m=0)
ν . (38)
This means ǫ
(0)
ν is idential to the emissivity in the massless ase.
The seond part of the emissivity in Eq. (36), ǫ
(1)
ν , has obvious mass dependene. It omes from the term LλσδT λσrs
in Eq. (33). Inserting Eq. (34) into Eq. (30) and using Eq. (36), one obtains
ǫ(1)ν = 32π
κ
1− κG
2
Fµeµuµd
∫
d3pν
(2π)3
pν
∫
dEpdΩp
(2π)3
∫
dEkdΩk
(2π)3
∑
r,s
∑
e1,e2
χrs(1− cos θdν)
×Be1k,r,uBe2p,s,dnF (pe − µe)nF (−e1ǫk,r,u)nF (e2ǫp,s,d)δ[cos θud − 1 + κµ2e/(pFupFd)], (39)
where Eq. (37) was used in the integral. We have also used
δ(pe − µe − pν − e1ǫk,r,u + e2ǫp,s,d) ≈ µe
pFupFd
δ[cos θud − 1 + κµ2e/(pFupFd)]. (40)
After taking the same proedure as in Ref. [58℄, one has
ǫ(1)ν ≈
1
π5
κ
1− κG
2
FµeµuµdT
6G′(ϕu, ϕd), (41)
with integral G′ dened by
G′(ϕu, ϕd) ≡
∑
e1,e2
∑
r,s
∫ 1
−1
dξχrs(ξ)
∫ ∞
0
dvv3
∫ ∞
0
dx
∫ ∞
0
dy nF (v + e1
√
y2 + λr(ξ)ϕ2u − e2
√
x2 + λs(ξ)ϕ2d)
×nF (−e1
√
y2 + λr(ξ)ϕ2u)nF (e2
√
x2 + λs(ξ)ϕ2d). (42)
Here we used dimensionless gaps saled by the temperature, ϕu,d ≡ φu,d/T . Eq. (41) shows that ǫ(1)ν is in the same
order as ǫ
(m=0)
ν . We an take the speial ase ϕu = ϕd = ϕ and do the numerial alulation for G
′
as a funtion
of ϕ. The results are shown in Fig. (3). We see that G′ < 0 for all three spin-one phases. At asymptotially low
temperature or large ϕ, G′ for CSL and Planar phases approah onstants due to the gapless mode 2,
G′ = −457π
6
5040
(CSL), −457π
6(π/2− 1)
5040
(Planar).
For the A phase, G′ turns to zero at large ϕ sine all ontributions ome from the gapped modes.
In summary, from Eq. (36), (38) and (41), the emissivity an be written as the sum of two terms,
ǫν = ǫ
m=0
ν + ǫ
(1)
ν , (43)
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Figure 3: G′ versus ϕ for spin-one phases.
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where ǫ
(1)
ν is the orretion due to non-zero quark mass and it is of the same order as ǫ
(m=0)
ν . It is zero for the polar
phase. For the CSL and Planar phases, we obtain
ǫ(1)ν ≈ Ci
1
1− κǫ
(m=0)
ν ∼ Ciǫ(m=0)ν , i = A, CSL, Planar
At asymptotially large ϕ, the oeients Ci are given by
CA = 0, CCSL = −1
4
≈ −0.25, CPlanar = − (π − 2)
8
≈ −0.15. (44)
whih show that mass orretions are about 25% (CSL) and 15% (Planar) of the ontributions in the massless ase at
very low temperatures. These results are quite universal at κ≪ 1, whih is the ase for the weak oupling approah
in QCD with one gluon exhange as κ ∼ αS . This is also the ase for the realisti values of oupling onstants
GS ∼ 5.1× 10−6 MeV−2 and GV ∼ 4.5× 10−5 MeV−2 in the NJL model whih give κ ∼ 0.05− 0.13.
A few omments are in order. The gap matrix in Eq. (19) leads to the same form of the dispersion relations as
in the massless ase. This muh failitates the alulation with transpareny. If the gap matrix is not in this form,
the dispersion relation is more involved [54, 64℄. But one an prove that they are equivalent in some limits (see the
disussion in setion VII of Ref. [58℄). We have used the ollinear limit, where the momentum diretion of u quarks
is almost the same as that of d quarks. The eetive quark mass m ∼ µ√2κ is also used in the alulation, whih
is muh larger than the urrent mass but small ompared to the hemial potential. Then we nd that the mass
orretions to the emissivity are of the same order as in the massless ase. The mass orretions from gapless modes
in CSL and Planar phases whih are dominant at low temperatures are about 25% and 15% of the ontributions in
the massless ase respetively. These perentages for the mass orretions are universal as long as κ≪ 1. The mass
orretions ould be very dierent near the hiral phase transition and for the DU proesses with strange quarks with
even larger quark mass. However the urrent formulation is only valid at small mass limit ompared to the hemial
potential. For very large quark mass, the Landau Fermi liquid theory has to be reformulated and the integral in the
emissivity is very dierent from the massless ase sine the integral range E −µ annot literally be taken as [−∞,∞]
due to m ∼ µ. Not only this has to be modied, one also has to deal with satterings between light and strange
quarks, whih involves the Fermi liquid theory with two dierent Fermi surfaes. This is beyond the sope of the
urrent work and deserves a future study.
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Appendix A: ENERGY PROJECTORS AND PROPAGATORS
We make use of energy projetors to get S(K) from S−1(K) in Eq. (19). The energy projetors are given by
Λek =
1
2
[
1 + e
γ0(γ · k+m)
Ek
]
, (A1)
where Ek =
√
k2 +m2. We an express S−111 and S
−1
22 in terms of energy projetors:
S−111/22 = (k0 ± µf − eEk)γ0Λek.
The hemial potential µf has avor index f . The elements of S(K) are given by
S11 =
[
S−111 − S−112 (S−122 )−1S−121
]−1
,
S22 =
[
S−122 − S−121 (S−111 )−1S−112
]−1
,
S21 = −(S−122 )−1S−121 S11,
S12 = −(S−111 )−1S−112 S22.
To get S11, we need to evaluate
S−112 (S
−1
22 )
−1S−121 = φ
2
fγ0α
i
⊥(k)∆
∗
ilJl(S
−1
22 )
−1γ0α
i′
⊥(k)∆i′l′Jl′
= φ2fγ0[α
i
⊥(k)∆
∗
ilJl][α
i′
⊥(k)∆i′ l′Jl′ ]
1
k0 − µf − eEkΛ
−e
k .
Here we have used Λekα
i
⊥(k) = α
i
⊥(k)Λ
−e
k with α = γ0γ. Note that
L+k ≡ [αi⊥(k)∆∗ilJl][αi
′
⊥(k)∆i′l′Jl′ ]
is just the matrix γ0M†kMkγ0 in Eq. (14) of Ref. [58℄, and it is ommutable with Λek. We an deompose L+k in
terms of its projetors as L+k = λk,rP+k,r. Then we obtain
S11 =
k0 − µf + eEk
k20 − (ǫek,r,f )2
P+k,rΛekγ0, (A2)
with the quasi-partile exitation energy ǫek,r,f =
√
(µ− eEk)2 + λk,rφ2f .
Making the hange µf → −µf in S11, we get S22
S22 =
k0 + µf − eEk
k20 − (ǫek,r,f)2
P−k,rΛ−ek γ0, (A3)
where P−k,r are projetors of
L−
k
≡ [αi⊥(k)∆ilJl][αi
′
⊥(k)∆
∗
i′l′Jl′ ],
whose eigenvalues λk,r are the same as L
+
k 's. The projetors P±k,r are given by
P±k,t =
∏
r 6=t
L±k − λk,r
λk,t − λk,r . (A4)
Note that the projetors P±
k,r are ommutable with Λ
e
k sine [L
±
k
,Λek] = 0.
Appendix B: PROOF OF THE IDENTITY (28)
One starts from T λσrs,− as follows
T λσsr,−(−p̂,−k̂) = Tr
[
γλ(1 + γ5)P−−p,sΛ−−pγ0γσ(1 + γ5)P−−k,rΛ−−kγ0
]
.
13
Inserting the harge onjugate operator C = iγ0γ
2
and using CαiαjC−1 = (αjαi)T , αi⊥(−k) = αi⊥(k) and Jl = −JTl ,
one obtains
CP−−k,rC−1 = (P+k,r)T .
One uses CγµC−1 = −γµT to obtain
CΛ−−pγ
0C−1 = (Λ+p γ
0)T .
Also one has Cγ5C
−1 = γ5 = γ
T
5 . Then one nally arrives at
T λσsr,−(−p̂,−k̂) = Tr
[
γλT (1 + γ5)
T (P+p,s)T (Λ+p γ0)TγσT (1 + γ5)T (P+k,r)T (Λ+k γ0)T
]
= Tr
[
γλ(1− γ5)Λ+k γ0P+k,rγσ(1− γ5)Λ+p γ0P+p,r
]T
= Tr
[
γλ(1− γ5)P+k,rΛ+k γ0γσ(1− γ5)P+p,sΛ+p γ0
]
= T λσrs,+(k̂, p̂),
where [P+k,r,Λ+k γ0] = 0 has been used.
Appendix C: CALCULATE QUARK TENSOR T
λσ
rs,+ FOR SPIN-ONE PHASES
The quark tensor T λσrs,+ an be written as a sum of the leading term with the same struture as in the massless ase
and the mass orretion term,
T λσrs,+(k̂, p̂) = ωrsT λσ(K,P ) + δT λσrs , (C1)
where T λσ(K,P ) is the quark tensor in the normal phase and given in Eq. (26). δT λσrs is the orretion from the
quark mass.
1. Polar phase
The polar phase is partiularly simple. The order parameter or the ondensate has the form
Mk = J3γ⊥,3(k̂).
The projetors P+k,r do not depend on the quark momentum k,
P+k,1 = J23 ,
P+k,2 = 1− J23 . (C2)
The trae an be deoupled into a olor and a Dira one. The olor trae is
Tr[P+k,1P+k,1] = 2,
Tr[P+k,2P+k,2] = 1,
Tr[P+k,1P+k,2] = 0.
The Dira trae is the same as in the normal phase in Eq. (26). So we have
ω11 = 2, ω22 = 1, ω12 = ω21 = 0,
δT λσrs = 0 (r, s = 1, 2).
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2. Planar phase
The order parameter is in the form
Mk = J1γ1⊥(k̂) + J2γ2⊥(k̂).
The projetors are
P+k,1 =
1
1 + k̂23
[
J21 (1− k̂21) + J22 (1− k̂22)− {J1, J2}k̂1k̂2 + J3k̂3γ0γ5γ · k̂
]
,
P+k,2 = 1− P+k,1.
We an rewrite P+k,1 and P+k,2 in the form
P+k,1 = I1k + I2kγ0γ5γ · k̂,
P+k,2 = 1− I1k − I2kγ0γ5γ · k̂,
with
I1k =
1
1 + k̂23
[
J21 (1− k̂21) + J22 (1− k̂22)− {J1, J2}k̂1k̂2
]
,
I2k =
1
1 + k̂23
J3k̂3.
We obtain
ω11 = Trc [I1kI1p] + Trc [I2kI2p] ,
ω22 = −1 + Trc [I1kI1p] + Trc [I2kI2p] ,
ω12 = ω21 = 2− Trc [I1kI1p]− Trc [I2kI2p] ,
δT λσ11 = Trc [I2kI2p]
[
−RpT λσ(K, P˜0)−RkT λσ(K˜0, P ) +RpRkT λσ(K˜0, P˜0)
]
,
δT λσ22 = δT λσ11 = −δT λσ12 = −δT λσ21 ,
where Rk = (Ek − k)/k , K = (Ek,k) and K˜0 = (k,−k). T λσ is given in Eq. (26). In the ollinear limit, k ‖ p or
k̂ ≈ p̂, the olor traes an be simplied, then we obtain
ω11 = 2, ω22 = 1, ω12 = ω21 = 0,
δT λσ11 =
2k̂23
(1 + k̂23)
2
[
−RpT λσ(K, P˜0)−RkT λσ(K˜0, P ) +RpRkT λσ(K˜0, P˜0)
]
,
δT λσ22 = δT λσ11 = −δT λσ12 = −δT λσ21 .
3. A phase
The order parameter is
Mk = J3
[
γ1⊥(k̂) + iγ
2
⊥(k̂)
]
.
The projetors are
P+k,1 =
1
2
J23
[
1 + sgn(k̂3)γ0γ
5
γ · k̂
]
,
P+k,2 =
1
2
J23
[
1− sgn(k̂3)γ0γ5γ · k̂
]
,
P+k,3 = 1− J23 ,
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where sgn(x) is the sign of x. The results for ωrs are
ω11 =
1
2
[1 + sgn(k̂3)][1 + sgn(p̂3)],
ω22 =
1
2
[1− sgn(k̂3)][1− sgn(p̂3)],
ω33 = 1,
ω13 = ω31 = ω23 = ω32 = 0,
ω12 =
1
2
[1 + sgn(k̂3)][1− sgn(p̂3)],
ω21 =
1
2
[1− sgn(k̂3)][1 + sgn(p̂3)].
The results for δT λσrs are
δT λσ11 = −
1
2
sgn(p̂3)[1 + sgn(k̂3)]RpT λσ(K, P˜0)
−1
2
sgn(k̂3)[1 + sgn(p̂3)]RkT λσ(K˜0, P )
+
1
2
sgn(p̂3)sgn(k̂3)RpRkT λσ(K˜0, P˜0),
δT λσ22 =
1
2
sgn(p̂3)[1− sgn(k̂3)]RpT λσ(K, P˜0)
+
1
2
sgn(k̂3)[1− sgn(p̂3)]RkT λσ(K˜0, P )
+
1
2
sgn(p̂3)sgn(k̂3)RpRkT λσ(K˜0, P˜0),
δT λσ33 = δT λσ13 = δT λσ31 = δT λσ23 = δT λσ32 = 0,
δT λσ12 =
1
2
sgn(p̂3)[1 + sgn(k̂3)]RpT λσ(K, P˜0)
−1
2
sgn(k̂3)[1− sgn(p̂3)]RkT λσ(K˜0, P )
−1
2
sgn(p̂3)sgn(k̂3)RpRkT λσ(K˜0, P˜0),
δT λσ21 = −
1
2
sgn(p̂3)[1− sgn(k̂3)]RpT λσ(K, P˜0)
+
1
2
sgn(k̂3)[1 + sgn(p̂3)]RkT λσ(K˜0, P )
−1
2
sgn(p̂3)sgn(k̂3)RpRkT λσ(K˜0, P˜0).
In the ollinear limit k̂ ≈ p̂, we have
ω11 = 2θ(k̂3), ω22 = 2θ(−k̂3), ω33 = 1,
ω12 = ω21 = ω13 = ω31 = ω23 = ω32 = 0,
and
δT λσ11 = −θ(k̂3)RpT λσ(K, P˜0)− θ(k̂3)RkT λσ(K˜0, P ) +
1
2
RpRkT λσ(K˜0, P˜0),
δT λσ22 = −θ(−k̂3)RpT λσ(K, P˜0)− θ(−k̂3)RkT λσ(K˜0, P ) +
1
2
RpRkT λσ(K˜0, P˜0),
δT λσ33 = δT λσ13 = δT λσ31 = δT λσ23 = δT λσ32 = 0,
δT λσ12 = θ(k̂3)RpT λσ(K, P˜0) + θ(−k̂3)RkT λσ(K˜0, P )−
1
2
RpRkT λσ(K˜0, P˜0),
δT λσ21 = θ(−k̂3)RpT λσ(K, P˜0) + θ(k̂3)RkT λσ(K˜0, P )−
1
2
RpRkT λσ(K˜0, P˜0),
where θ(x) ≡ 1 + sgn(x) is the step funtion.
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4. CSL phase
The order parameter is
Mk = J · γ⊥(k̂).
The projetors are
P+k,1 = −
1
2
[J · γ]2 ,
P+k,2 = 1 +
1
2
[J · γ]2 .
It is onvenient to rewrite these projetors in terms of olor indies,
(P+k,1)ab = δab +
1
2
γb⊥γ
a
⊥,
(P+k,2)ab = −
1
2
γb⊥γ
a
⊥.
We obtain
ω11 = 1 +
1
4
[
1 + (k̂ · p̂)2 + 2(k̂ · p̂)
]
,
ω22 =
1
4
[
1 + (k̂ · p̂)2 + 2(k̂ · p̂)
]
,
ω12 = ω21 = 1− 1
4
[
1 + (k̂ · p̂)2 + 2(k̂ · p̂)
]
,
and
δT λσ11 =
1
2
(k̂ · p̂)
[
−RpT λσ(K, P˜0)−RkT λσ(K˜0, P ) +RpRkT λσ(K˜0, P˜0)
]
,
δT λσ22 = δT λσ11 = −δT λσ12 = −δT λσ21 .
In the ollinear limit, we have
ω11 = 2, ω22 = 1, ω12 = ω21 = 0,
δT λσ11 =
1
2
[
−RpT λσ(K, P˜0)−RkT λσ(K˜0, P ) +RpRkT λσ(K˜0, P˜0)
]
,
δT λσ22 = δT λσ11 = −δT λσ12 = −δT λσ21 .
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